Top Careers & You®

(. S
> BINOMTIAL THEOREM <

An algebraic expression containing two terms is called a binomial expression .e.g (a + b), (3x — 5y). Similarly
an algebraic expression containing three terms is called trinomial. The general form of the binomial is (x + a)

and the expansion of (x + a)", n e N is called binomial theorem.

Binomial Thearem (For a Positive Integral Index)

If nis a positive integer and x, a are two real or'complex quantities, then

EX.

Sol.

(x+a)"="Cox"a’+"Cix"tal +"C, x" 2 a% 4.+ "C X" a+.... +"Cry xt @™+ "Cyx% ... (1)

n

(X + a)n: chr X" ar
r=0
The coefficients "Cy "C; ....... "C, are called binomial coefficients.
Properties of Binomial Expansion.
Number of terms: There are (n + 1) terms in the expansion of (x + a)", n being a positive integer.

In any term of expansion (1), the sum of the-exponents of x and a is always constant = n.

The binomial coefficients of terms equidistant from the beginning and the end are equal. i.e."C, ="C,,
(0 <r<n).

General Term: The general term of the expansion is (r +1) ™ term usually denoted by
T ="Cex"2fd (0 <1 <n).

Middle Term: The middle term in the expansion of (x + a)"

th
. . . . n
(a) If n is even then there is just one middle term, i.e., [E + lj ="Cphp X" a"?

th th
(b) If nis odd, the there are two middle terms; i.e. (nTJFlJ term and [%) terms

To find the term independent of x or absolute or constant term in the expansion of (x + a)". Let T, be
the term independent of x. Equate to zero the index of x and you will find the value of r.
Note: Term independent of x in Binomial Expansion means the co-efficient of x° in the expansion.

20
Find the middle term in the expansion of (%xz _23]
X

th
Here n = 20, which is an even number. So, [2—20 +lj term i.e. 11" term is the middle term.

5 NP0, g0
Hence, the middle term = Ty, = Ty0+1 = 2°Cyo [5 xzj [— 2—) =2C,, x1°
X
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7. (m +1) "™ Term From The End:- To find (m+1) ™ term from the end in the Binomial expansion of (x +
y) " The (m + 1) " term from the end = (n — m + 1) " term from the beginning = Tp.me1 or find (m + 1) "
term from the beginning in the Binomial expansion of (y + x)"

2

25
Ex. Find the 11th term from the end in the expansion of [Zx —ij
X

Sol. Clearly the given expansion contains' 26 terms So, 11" term from the end = (26 — 11 + 1) th term from
the beginning i.e. 16" term from the beginning.

16
Now, T16 = T15+1 = 25C15(2X)25715 [— ij = 25C15 . 210 . X =- 25C15 C o0
X

X X

25 25
Or T4ifrom end in [Zx _izj will be same as Tj;from beginning in [— iz + ZXJ
X X

12
Ex. Find the 10th term in the binomial expansion of (sz +1j
X

Sol. T.1="C,x""a". Therefore In the expansion of (2x* + 1/x)*
we have Ty = Teur = 2Cq (2x9)2 72 (1/%)°
[Here :n=12,r=9, x=2x*and a = 1/x] = "*Cy (2x°)® 1/x°

_ 2, 2% (1) = o, B 12xU1X100 8 1760

[Because *2Cy="2C3]

x3 ~ 3x2x1 x3 x3
8. Coefficient Of x™: To find the coefficient of x™ (m- <'n) follow the following steps:-
Step 1 First find T,.y = "C, X" y'
Step 2 Put the exponent of x = m if yis independent of x, i.,e.n—r=m,orr=n—-m. If y is also a
function of x, simplify and get net power of x and equate it to m and find r.
Step 3 If r = positive integer, or. 0, find the coefficient of x™ and if r is a negative integer or a

fraction then the coefficient of X™ = 0 or you can say coefficient of X" doesn't exist in this
binomial expansion.
9. Greatest coefficient in the expansion of (x + y)" = "Cy,, if n is even.

MULTINOMIAL- THEOREM

n n |
Another form of Binomial Expansion: We'have,(x+a)" = 3. "C,x"*a® =ZL n~Sas
—s)lgl
s=0 S:O(n S)-S-
Puttingn—s=ri.e.r+s=n, we get
n!
(x+a)"= > —x'a®
rys=n I's!

. A o
The general term in the above expansion is ﬁx’as.
rs!

The total number of terms in this expansion is equal to the number of non-negative integral solutions of r + s =

nie. "?*C, , = ", =n+1. Because, number of non-negative integral solutions of
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Multinomial Theorem: As discussed above, for any n € N we have,

n
X +%)" = Y _)(1rl erz

I,
This result can be generalized to the following form : (X, + X + Xz + ....... + % )"
n!
= X XEXZ .o XkWhere 1y +1, +....+ 1 =N
rirlrgl.nd

g2 T
XlX2 ..... Xk

The number of terms in the above expansion is equal to the number of non-negative integral solutions of the
equation ry +r, + ... r« = n, because each solution of this equation provides a term in above equation. The
number of such solutions is ””HCk_l.

Note:
Total terms in the expansion of (X; + Xo + Xz + ....... +x, )" is equal to ”+k"1CH.
e.g
» Number of terms in (x; +X,)" ="%"C,; =™'C;=n + 1
. - n+1\n+2
> Number of terms in (x; + X, + X3)" ="3'C,ly = "™2C,= (n+2n+2)

2

Some Important Results:

In solving problems relating the coefficients:in the binomial expansion, we generally use the following results :
0} Coefficient of (r + 1)™ term in the binomial expression of (1 + x)" is "C,.

(I Coefficient of x in the binomial expansion of (1 x)" is "C,.

()  Coefficient of x in the expansion of (1- x)" is (- 1) "C..

(IV) Coefficient of (r + 1)™ term in the expansion of (1 — x)"is (- 1)" "C..

IMPORTANT CASES OF BINOMIAL EXPANSION
(1) Ifweputx=1in(1), we get
(1+a)"="Co+"Cra+"Cpa’+... +"C,a +.... +"Cha” ..oeorrr 2)

(2) Ifwe put x =1 and replace a by — a, we get
(1-a)"="Co="Cia+"C,a’—....+(=1)" "Cia +....+ (<1)™ "C,a" ...... (3)

(3) Adding and subtracting (2) and (3), and then dividing by 2, we get
B{l+a)"+(1-a)}="Co+"C,a’+"Csa'+........ (4)
B{l+a)"-(1-a)"t="C,+"Cza*+"Csa’+........ (5)

Some Important Deduction:-If Cy, C;4, Cs... C,_1, C, denote the binomial coefficients in the expansion of
(1 +a)", then

0] Cot+Ci+Co+Catuvmnnnaniniaannnn, Cc, =2"

([i) Co+Co+Ca+Coturnrrraann. C, =2"*
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Sol.

("I) Ci+C3+Cs+Cr+iiinnnniniiinnnnns Ch1 = 2n71
iy S1.282.,3C ., ., G n0O0+D
Co C, C, Cha 2

COC1C2 ....Cn_l(n + 1)n
n!

(V)  (Co+C1) (Ci+Cy)(Co+C3)(Cs+Cy) ... (ChatCp) =

- (2n)!
" (n=n)(n+rn)!
_,h135...(2n-1)
" n!
0,if n is odd
-pn'2 "c o, if n is even

(V|) Co Cr+ Cl Cr+1 + C2 Cr+2 LT Cn—r C
(Vi) c3+C2+C3+....... +C2="C

(Vi) cz_cziczi.(-nrc? - {(

@) Put a = 1 in equation (2)
weget(1+1)"="Co+"Cy +"Cy +.....+"C; +....+"C, ...... )
SOCo+C1+C2+Cg+ ......................... Cn:2n

Note: The sum of the coefficient in a given binomial (or multinomial) expansion is obtained by replacing each

variable by one

(i)
(iii)

(iv)

V)

(vi)

Put a=1in equation (4) and getCy + Co + C4 + Cg +.uvvrrrrrrrvrnnnennnnnnn. C, =2
Puta=1in equation (5) and getC; + C3 + C5+ C7 +.ooeevvvviveeeninnnnn, Chq =2
n I _ I(r —1)! _
We have - : C, __n | IX(n r+1?.(r ! _ (n r+1),r:12,3,...n,
C,, (h-n n
n n n n
Therefore €y - Ca _ n—l, G n—2' ...... , Con _1
"C, 1 'C 2 "c, 3 "Cha
"C, _n "C, n-1"C; n=:2 "C, |1
"C n ", > '”Cz r ] , ic..n
C _ _
Therefore &+2.&+3.—3+...+n. Ch :ﬂ+2.[n—lj+3(n 2)+...+n.(£)
Co Cy 2 Cha 2 3 n
n(n+2)

=n+(n-1)+Nn-2)+..+3+2+1=

We have to prove that (Co+ C;) (C1 + Cy) (Co + C3) (C3+ Cy) ... (Cit+Cp) = Co-1 (n+1)"

or Co+Ci)(Ci+C, )(C, +Cy Cou#Chn)_ (n+D)"
. o Mo [ c o

Now, = l+&.1+&.l+c—3 ..... 1+ Cn

Co C, C2 Cos
n

= (14 0)f14 2t 1 22 g N8 e ) S norel s
1 2 3 4 n)j "C,_ r

_(n+1)(n+1)(n+1}n+1 n+1) (n+1"

T2 3 2 =
Using binomial expansion, we have

(1+X)"=Co+Cyx+Co X +...+ Cy X" .....(A) and
(X+1)"=CoxX"+Cy X"+ Co X" +....+ Cry X + Cpy ....(B).

CoCiCy...
n!
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Multiplying (A) and (B) we get
A+X) " =(Co+ Cix+CoX #.et X+ Co X" ) x (Co X"+ Cy X"+ Co X" 4.+ C X" + Lt

Chax + Cp)
Equating the coefficients of X" on both sides of (C), we get
|
CoCr#CiCin+ .t CryCn = 2C,, = — 20
(n=n)!(n+r)!

GREATEST TERM IN THE EXPANSION OF-(x. + a)"
Let T,., and T, be (r + 1) and ' terms respectively in the expansion of (x + a)". Then,
Tei= "Cx"a and T, ="Cj; X" a™*

n n-r,r
Therefore mt__ CX @& _n-r+la
Tr n Cr_lxn—r+1ar—1 r X
T _
Hence,  Tn >T, Amtsq (=r+ba.,
T, rx

Find the optimum value of r from here.

Algorithm for finding the greatest term

STEP | : Write T,.; and T, from the given expansion.
STEPII:  Find et
Tr
. Tr+1
STEP Il :  Put S >1

r
STEP IV: Solve the inequality in step Il for r to.get an inequality of the form r<m orr>m.
If m is an integer, then mth and (m +1)th terms are equal in magnitude and these two are the
greatest terms If m is not an integer, then gbtain the integral part of m, say k. In this case, (k
+1)th term is the greatest term.

Ex. Find the greatest term in the expansion of (1 + x)'° when x = 2/3 .
Sol. Let T and T,.; denote the rth and (r + 1) th terms in the expansion of (1 + x)*°
Then T,=%C,, and T,,; =°C, X'

10 r 10 | B .
Therefore T+ — — CiX = Cr 1100 SAO-r+Dir-1!
T CXx'™ C,, . @@O-nm 10!
= Tra EX:h: 11-r XZ _:X:E
Tr r Tr r 3 3

T _
Now, -1 > 1= Exg>1:22>5r:r<4g
T r 3 5

r

Therefore (4 + 1)th, ie., 5" term is the greatest term. Putting r = 4 in T,.; we get Ts = *°C, x*

4 4
= T,=C, 2).x=2 = T5 =210 2
3 3 3
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BINOMIAL THEOREM FOR ANY INDEX
Statement. Let n be a rational number and x be a real number such that | X |< 1, then

n(n—l)x2 . n(n—l)(n—Z)X3 - n(nh-1)n-2).... (n—r+1)Xr .\
2!

L+x)"=1+nx + al X e 0

Remark:

1. The condition | X |< 1 is un-necessary ; if-n-is a whole number while the same condition is essential if n
is a rational number other than a whole number.

2. Note that there are infinite number of terms in the expansion of (1 + x)", when n is a negative integer or
a fraction.

3. In the above expansion the first term is unity. If the first term is not unity and the index of the binomial is

either a negative integer or a fraction, then we expand as follows:

sy = Hl_}} -afu ] {1_%H — }

— — . . . . X .
=a"+ na"t x+ MY 02,2, This expansion is valid when | = | <1orequivalently | x | <|a].
a

2!

4, If n is a positive integer the above expansion contains(n + 1) terms and coincides with
(1 +X%)"="Co+"Cix + "Cx% +...+"Cpx",

because "Cy =1, "C;=n, "C, = nb, Ca= w ......

2! 3
General Term in the Expansion of (1'+ x)" The general term in the expansion of (1 + x)" is given by

Tl = n(h-1fn=2)...n—(r —1))Xr

1.2.3. 4. r
SOME IMPORTANT DEDUCTIONS
1. Replacing n by —n in the expansion for (1 +x)", we get
@L+x)"=1-nx + n(n;l)xz - n(n+2|(n+2)x3 Font (D" n(n-+1n + Z)I """ =Dy .
| ! r!

r N(N+D)(n+2)...(n+r-1) «f

The general term in this expansion is T = (-1) |
r

2. Replacing x by — x and n by —n in the expansion of (1 + x)" we get
nin+1) W2 4 nin+Y(Mm+2) N nn+H(n+2)....(n+r-1) N
2 3 r!
nn+)(n+2)....n+r-12) o
r

(1-x)"=1+nx +

The general term in this expansion is'T.; =

3. Replacing x by — x in the expansion of (1. + x) ", we get
(1-x)"=1-nx + n(nzl_ Y x? - n(n —1?2|(n r2) X3 4.+ (<) n(n -1 _f')'"(n —r+d) x"+ .

r
The general terms is T.1 :( D n(h-1(n | 2l r+l)Xr
!
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Ex. Find the general term in the expansion of (2 — 3x2)’2/3

2 -2/3
Sol. We have (2—3x3) 2P =228=27%8 [1— %J . Let T,,; be the (r + 1) term the binomial

w13 e, A L
BELE5)

r!

_ ix 258..(3-93" _ o 258..(3-1

2f = 1 2r
1) r3’ 2" r2'

=1 S

Hence, the required general term = 27%° %5&_1) X%
Keep in mind

i @A+ =1-x+xX=-X+ ..o

(i @A=xT"=1+x+x*+x+ .0

i)y @Q+x)7=1-2x+3" -4+ ..o

(V) (1=X°=1+2x+3+4X+ ...

(V) @+x)°=1-3x+6x"...

vi) @Q-=-x°=1+3x+6x+...

Question of type (x ++/Y )"

Algorithm to solve this problems:

STEP I Write the given expression equal to I'+ F, where | is its integral part and F is the fractional part.

STEP Il Define G by replacing ‘+’ sign in the given expression by ‘—'. Note that G always lies between 0
and 1.

STEP Il Either add G to the expression in step | or subtract G from the expression in step | so that RHS is
an integer.

STEP IV: If G is added to the expression in step I, then G + F will always come out to the equalto 1 i.e. G
=1-F.If

G is subtracted from the expression in step |,'then G will always come out to be equal to F.
STEP V: Obtain the value of the desired expression after getting F in terms of G.
Following examples illustrate the above procedure.

Ex. If(5+2V6)" =1+f, where | and n are positive integers and f is a positive fraction less than one, show
that (I +f) (1 —f) = 1.
Sol. Clearly, | and f are respectively the integral and fractional parts of (5 + 216)".
Let G = (5—2V6)". Since 0 <5 — 26 < 1, therefore 0 < G < 1.
Now | +f+ G = (5 + 2V6)" + (5 — 2V6)" =2["Co 5"+ "C, 5" 2 (2 V6)? + "C, 5" (2V6)* + ...]
= an even integer A (say)
=>f+G=L-1 = f+Gisaninteger ["XGZ’IEZ}
=>Ai-1leZ
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=>f+G=1 [.0<f<1,0<G<1l .. 0<f+G<2=f+G
is an integer between 0 and 2 = f+ G = 1]

=G=1-f

Now, (I+f)(1-f)=(1+f)G=(5+2V6)" (5-2V6)"=1" =1.

Ex. If (7 +4V3)" =1+ F, where | is a positive integer and F is a proper fraction, show that
(I1+F)@Q-F) =1.

Sol. LetG=(7-4V3)"
Clearly, if we add G and | + F, we get an integer i.e.
[+F+G=(7+43)" + (7-43)"
=2 ("Co 7"+ "C, 7"% (4V3)? + ...) = an even integer.
~F+G=1=>G=1-F
Hence, (I +F) (1 —-F)=(1+ F) G = (7 +4y3)" (7= 4V3)" = 1

EXAMPLES

1.  Write the general term in the expansion of (x° — y)°
Sol. We have (x* —y)® = (x* + (=y))° The general term in the expansion of the above binomial is

given by

Tre1 = °C0A™ (—y)" [Because T, 1 ="C, X" a or Ty = (1) °C, x27 2"y

. - 32 17 . : 4 1 o
2. Find the coefficients of x™ and x™" in the expansion of | x -—
X

15
Sol. Suppose (r + 1) th term involves x* in the expansion of (x“ —%)
X

ij — (_ 1)r 15Cr X60—7r (1)

NOW, Tr+1 - 15Cr(X4)l5—r (_ -
X

For this term contain x*?, we have 60 — 7r = 32 = r = 4. So, (4 + 1)th i.e. 5" term contains x>
Putting r = 4 in (i), we get Ts = (-1)* °C, x®*?® = 15C, x* Therefore Coefficient of x** = *C,

15
= 1365. Suppose (s + 1) th term in the binemial-expansion of (x“ —igj contains X" Now,
X

1

S
Terr = °Cs (xH)'°° (— —sj = (=1)° °Cy¢ x*° "¢ ... (ii) If this term contains X, we have
X

60 — 7s =— 17 = s = 11. So, (11 + 1)th i.e. 12" term contains x " .Putting s = 11 in (i), we get
T = (-1)" °Cyy x ' = -°Cyy x = -°C, x"/[Because "C, ="C,_].

Therefore Coefficient of x " = —*°C, = — 1365.

(2n)!

)

(1Y _ . . .
Now T,y = 2"C,(x%)*"" [—j =2"C, x *73" .. (i). For this term to contain x° , we must have
X

2n
3. If X occurs in the expansion of [xz + —J , prove that its coefficient is
X

Sol. Suppose x” occurs in (r + 1) th term in the expansion of (x* + 1/x)*"
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4n-3r=p=r= % . Therefore Coefficient of x” = *'C,, where r = %
| — | |
@) erer= [4n pj _ (2n)! _ (2n)!
2n-nr 3 on_[4n=p)|,(4n-p) (2n+pj!(4n—pj!
3 3 3 3
4 Find the coefficient of x*° in the expansion of (1 + 2x + x%)*’

Sol. Wehave: (1+2x+x°)% ={(1+x) =@ +x> Suppose x*° occurs in (r + 1) th
term in the expansion of (1 + x)>* . Now T+, = **C,X'. For this term to contain x*° we must have r = 40.
So, coefficient of x*° = %*Cy,

8
5. If the 6" term in the expansion of (% +x2logy, XJ is 5600, find the value of x.
X

Sol. We have Tg = 5600 = Ts., = 5600

8-5
= %Cs [ 81/ 3} (x* logyo X)° = 5600 = 56x° (log;0x)° = 5600
X

= x* (logy X)° = 100 = x*(logo X)° = 10° = x* (logio X)° = 10 (logso 10)° = x = 10.

6. The coefficients of three consecutive terms in the expansion of (1 + x)" are in the ratio 1 : 7: 42. Find n.
Sol. Let the three consecutive terms be ' (r+1) ™ and (r + 2) " terms. Their coefficients in the expansion of
(1 +x)"are "C.;,"C, and "C,,, respectively it is given that

n

I —nir!
"Cry."Cp: "Crey = 1:7:42. Now, Coa L L oo 1
n 7 (n—r+Hi(r-1)! n! 7
r 1 .
===n-8r+1=0..... (i) and,
n-r+1 7
| —_r=1! |
=L ke x(n d l)'(Hl)'lzr+1=1:>n—7r—6:0 ..... (i)
42  (n-n'n n! 6 n-r

Solving (i) and (ii), we getr =7 and n = 55.
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